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Abstract
In (2+1)-dimensional hydrodynamic systems with broken parity, the shear and bulk
viscosity is joined by the Hall viscosity and curl viscosity. The dual holographic model
has been constructed by coupling a pseudo scalar to the gravitational Chern-Simons
term in (3+1)-dimensional bulk gravity. In this paper, we investigate the non-relativistic
fluid with Hall viscosity and curl viscosity living on a finite radial cutoff surface in the
bulk. Employing the non-relativistic hydrodynamic expansion method, we obtain the
incompressible Navier-Stokes equations with Hall viscosity and curl viscosity. Unlike
the shear viscosity, the ratio of the Hall viscosity over entropy density is found to be
cutoff scale dependent, and it tends to zero when the cutoff surface approaches to the
horizon of the background spacetime.
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1 Introduction
Over the past years there have been a lot of studies on the gauge/gravity dualities [1, 2, 3]. In
the long-wavelength limit, the fluid/gravity correspondence relates the boundary hydrodynamic
equations to the perturbation equations in the bulk gravity [4]. Recently, the (2+1)-dimensional
system with broken parity has attracted much attention, and it has been holographically realized
through coupling a pseudo scalar to the gravitational Chern-Simons term in the (3+1)-dimensional
bulk gravity [5, 6, 7, 8, 9, 10]. The dual gravity model is a generalization of the Chern-Simons
modified gravity [11, 12], which has been widely studied in the context of cosmology, gravitational
waves, and gravitational tests in the solar and earth systems, see e.g., [13, 14]. In the dual model,
R˜R is the parity-violating Pontryagin density [15, 16], which is a measure of the divergence of axial
vector current of massless chiral fermions ∇µj5µ in the gravitational anomaly [17].
The Hall viscosity ηA is a non-dissipative viscosity coefficient analogous to Hall conductivity
which exists in the (2+1)-dimension fluid with time reversal symmetry breaking. It does not
contribute to the entropy production of the fluid. In the quantum Hall fluids, the ordinary dissipative
viscosities η and ζ are absent at zero temperature, while the non-dissipative Hall viscosity ηA could
exist [18]. It can be characterized as a rational number and provides a fundamental measure of
incompressibility of the Hall fluid, and it is related to a Berry phase and proportional to the density
of intrinsic angular momentum [19, 20, 21, 22, 23, 24]. It is also proposed that the Hall viscosity
can be measured as the coefficient in front of q2 term in the Hall conductivity in small wave number
q limit [25].
In the non-relativistic limit of the (2+1)-dimensional hydrodynamics, the incompressible Navier-
Stokes equations will be corrected by the parity odd viscosities, and it would be interesting to deduce
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the equations of motion holographically. In this paper, we use the non-relativistic fluid expansion
approach to study the (2+1)-dimensional non-relativistic hydrodynamics with Hall viscosity and
curl viscosity, dual to gravity involving a pseudo scalar coupled to a topological gravitational Chern-
Simons term. By using the non-relativistic hydrodynamic expansion method associated with a flat
cutoff surface, we formally solve the gravity equations and the pseudo scalar equation up to second
order in the non-relativistic hydrodynamic expansion parameter. The Brown-York stress tensor on
the cutoff surface is identified with the stress energy tensor of the dual fluid, from which we can read
out the general analytic expression for transport coefficient, such as shear viscosity η, Hall viscosity
ηA and curl viscosity ζA. The incompressible Navier-Stokes equations with Hall viscosity and curl
viscosity are obtained from the gravity side. In addition, it is shown that the Hall viscosity over
entropy density is cutoff scale dependent, and tends to zero when the cutoff surface approaches the
horizon of the background spacetime.
This paper is organized as follows. In section 2, the (2+1)-dimensional hydrodynamics with
Hall viscosity and bulk viscosity in non-relativistic limit is investigated. Section 3 is the main
part of this paper, where the incompressible Navier-Stokes equations with corrections are deduced
from (3+1)-dimensional dual gravity. The case when the cutoff surface goes to the anti-de Sitter
boundary is discussed in section 4. And some relevant further discussions are given in section
5. In appendix A, the holographic non-relativistic expansion procedure associated with a finite
cutoff surface in (d+1)-dimensional gravity is briefly introduced. In this paper, we use the small
letter i, j,= 1, 2, ..., d − 1 to denote the index of pure spatial coordinate xi, the Greek symbols
µ, ν,= 0, 1, ..., d − 1, to denote index of the ordinary space-time coordinate xµ ∼ (τ, xi), and the
capital letterM,N,= r, 0, 1, ..., d−1 to denote the index of bulk space-time coordinates xM ∼ (r, xµ).
2 Hydrodynamics with Hall Viscosity and Curl Viscosity
In a (2+1)-dimensional parity violating hydrodynamic system, the energy-momentum tensor of the
fluid with the first order gradient expansion can be written as [5, 7, 8, 9, 10]
T µν = euµuν + pP µν − 2ησµν − ζΘP µν − 2ηAσµνA − ζAΩP µν , (1)
where the thermodynamic quantities e and p are the energy density and pressure respectively,
which depend on the local temperature of the fluid and relate to each other through the equation of
state p = p(e). The shear viscosity η and bulk viscosity ζ are the canonical transport coefficients,
while the Hall viscosity ηA and curl viscosity ζA arise from the parity violating effect. In a (2+1)-
dimensional flat space-time background, the velocity uµ = (1, βi)/
√
1− β2 and the projection
tensor P µν = ηµν + uµuν should be functions of the space-time coordinates xµ = (τ, xi). The
first-order gradient expansion tensors can be expressed as
σµν =
1
2
P µαP νβ (∂αuβ + ∂βuα −ΘPαβ) , Θ = ηµν∂µuν , (2)
σµνA =
1
2
(
ǫµαβuασ
ν
β + ǫ
ναβuασ
µ
β
)
, Ω = −ǫµνρuµ∂νuρ. (3)
where we have used the convention ǫτxy = 1, and chosen the Landau frame T µνuν = −euµ.
In the thermal equilibrium state, we assume the fluid at rest has constant energy density e0 and
pressure p0. Through introducing the heat function per unit volume w0 = e0+p0, we can define the
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normalized fluctuations of the thermodynamic parameters as E = (e− e0)/w0 and P = (p−p0)/w0.
In the non-relativistic hydrodynamic limit, the following scalings appear [26, 27],
βǫi = ǫβi(ǫx
i, ǫ2τ), E ǫ = ǫ2E(ǫxi, ǫ2τ), Pǫ = ǫ2P(ǫxi, ǫ2τ), (4)
where ǫ≪ 1 is a small parameter. The velocity βi could be regarded as a small vector fluctuation,
while the thermodynamic quantities E and P basically come from the temperature fluctuation, and
they would relate to each other through the equation of state p = p(e) of the fluid. Up to the second
order of the non-relativistic expansion parameter ǫ, one has
uµ ∼ (−1, 0) + ( 0, βi) ǫ+ 1
2
(β2, 0) ǫ2 +O(ǫ3), (5)
Pµν ∼
(
0 0
0 δij
)
−
(
0 βj
βi 0
)
ǫ+
(
β2 0
0 βiβj
)
ǫ2 +O(ǫ3). (6)
The non-zero components of the normal traceless shear viscosity tensor and the traceless Hall
viscosity tensor are
σij ∼ 1
2
(
(∂xβx − ∂yβy) (∂xβy + ∂yβx)
(∂xβy + ∂yβx) (∂yβy − ∂xβx)
)
ǫ2 +O(ǫ3), (7)
σAij ∼
1
2
(
(+∂xβy + ∂yβx) (−∂xβx + ∂yβy)
(−∂xβx + ∂yβy) (−∂xβy − ∂yβx)
)
ǫ2 +O(ǫ3), (8)
the divergence and the curl of the velocity become
Θ = (∂xβx + ∂yβy)ǫ
2 +O(ǫ3), Ω = (∂xβy − ∂yβx)ǫ2 +O(ǫ3). (9)
The dynamical equations of the relativistic fluid are ∂µT
µν = Fν , where Fν is an external force
density, and we can define the normalized force density as f ν = Fν/w0. In the non-relativistic limit
(4), ∂µT
µν = Fν will reduce to the incompressible Navier-Stokes equations with Hall viscosity and
curl viscosity,
∂iβi = 0, ∂τβi + βj∂
jβi + ∂iP − ν ∂2βi − νAǫij∂2βj − ξAǫjk∂i∂jβk = fi, (10)
where ν ≡ η/w0, νA ≡ ηA/w0 and ξA ≡ ζA/w0 could be named as the kinematic shear viscosity,
kinematic Hall viscosity and kinematic curl viscosity, respectively.
3 Parity Breaking Hydrodynamics from Gravity
In this section, we will deduce the (2+1)-dimensional non-relativistic parity breaking hydrodynamics
described in the previous section from the (3+1)-dimensional gravity.
3.1 The Dual Gravity Model
The dual gravity model is described by the Einstein gravity involving a pseudo scalar coupled to
the topological gravitational Chern-Simons term. The action of the model can be expressed as1 [5]
Sbulk =
1
2κ4
∫
d4x
√−g(R− 2Λ + LCS + Lθ), (11)
1For the surface term, see, e.g., [12, 28, 29].
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where g = det gMN is the determinant of the metric, R is the Ricci scalar, Λ is the cosmological
constant2, κ4 = 8πGN with GN the Newton’s gravitational constant. The Lagrangian density LCS
and Lθ are
LCS = λ
4
θR˜R, Lθ = −1
2
gMN∇Mθ∇Nθ − V (θ), (12)
where λ is a coupling constant and θ is the pseudo scalar field. The Pontryagin density R˜R is
defined as
R˜R = R˜M PQN R
N
MPQ, R˜
M PQ
N =
1
2
ǫPQABRMNAB, (13)
where ǫMNAB is the four-dimensional Levi-Civita tensor in the bulk with the convention ǫrτxy =
1/
√−g. Varying the action with respect to the metric and the pseudo scalar respectively leads to
the equations of motion
WMN = 0, WMN ≡ RMN − 1
2
gMNR + ΛgMN + λCMN − κ4T θMN , (14)
Wθ = 0, Wθ ≡ 2κ4
(
∇2θ − dV (θ)
dθ
)
− λ
4
R˜R, (15)
where the stress energy tensor of the pseudo scalar is
T θMN ≡ −2
δLθ
δgMN
+ gMNLθ = ∇Mθ∇Nθ −
(
1
2
gAB∇Aθ∇Bθ + V (θ)
)
gMN , (16)
and the four-dimensional Cotton tensor CMN is a symmetric traceless tensor of the second rank,
which is defined through3 [11, 12]
CMN = −vSǫSAB(M∇ARN)B + vST R˜T (MN)S, (17)
vS = ∇Sθ, vST = ∇S∇T θ = ∇(S∇T )θ. (18)
The Cotton tensor’s divergence has a non-zero topological source as
∇MCMN = v
N
8
R˜R =
vN
4
∂MJ
M , (19)
where JM origins from the 4-divergence of the gravitational Chern-Simons topological current
JM = ǫMNPQ(ΓANB∂PΓ
B
QA +
2
3
ΓANBΓ
B
PSΓ
S
QA). (20)
The gravity equations WMN = 0 simultaneously imply ∇MWMN = 0. Meanwhile, the Bianchi
identity ∇(LRPQ)MN = 0 leads to ∇M(RMN − 12gMNR + ΛgMN) = 0. Thus, assuming that the
parameters λ and κ4 are constants, we have
κ4∇MT θMN = λ∇MCMN . (21)
2If appropriate solutions exist in this system, we do not require the cosmological constant to be negative.
3It was also named as C-Tensor in [5].
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On the other hand from Eq. (16) and Eq. (19) one has
∇MT θMN = vN
(
∇2θ − dV (θ)
dθ
)
, ∇MCMN = vN
8
R˜R, (22)
from which together with Eq. (21), we arrive at either vN = ∇Nθ = 0 or Wθ = 0. As we are
interested in the case where the pseudo scalar field θ depends on the space-time coordinates, i.e.
vN 6= 0, thus, the Bianchi identity together with Einstein equations leads to the pseudo scalar
equation Wθ = 0.
3.2 Non-relativistic Hydrodynamics Expansion
From the above discussion we can see that the pseudo scalar equation is not independent. Thus,
we will focus on the gravity equations henceforth. The Ricci scalar can be obtained from the trace
of Eq. (14) as
R− 4Λ + λCMM − κ4[(∂θ)2 + 4V (θ)] = 0, (23)
which leads to the trace-reversed form of the gravity equations: EMN + λcMN = 0, where
EMN ≡ RMN − ΛgMN − κ4tMN , tMN ≡ ∂Mθ∂Nθ + gMNV (θ). (24)
The simplified Cotton tensor cMN = CMN is due to its traceless property C
M
M = 0. Then the
equations of motion (EOMs) to be solved are 4
WˆMN = 0, WˆMN ≡ EMN + λCMN , (25)
Wˆθ = 0, Wˆθ ≡ ∇2θ − dV (θ)
dθ
− λ
4
R˜R. (26)
We assume that the following general (3+1)-dimensional black brane metric
ds2 = −gtt(r)dt2 + grr(r)dr2 + gxx(r)δijdxidxj , i, j = 1, 2, (27)
as well as a radial coordinate dependent pseudo scalar field θ(r) solves the EOMs. With Dirichlet
boundary condition at the finite cutoff surface r = rc, keeping the induced metric flat, and employing
the non-relativistic hydrodynamics expansion method (see appendix A for details), one can perturb
the background metric up to the second order of expansion parameter ǫ≪ 1,
ds2(b) = gMNdx
MdxN = 2grτˆ(r)drdτˆ − gtt(r)
gtt(rc)
dτˆ 2 +
gxx(r)
gxx(rc)
δijdxˆ
idxˆj
− 2grτˆ (r)βidxˆidr + 2
(
gtt(r)
gtt(rc)
− gxx(r)
gxx(rc)
)
βidxˆ
idτˆ
+ grτˆ(r)β
2drdτˆ −
(
gtt(r)
gtt(rc)
− gxx(r)
gxx(rc)
)(
β2dτˆ 2 + βiβjdxˆ
idxˆj
)
+ (δrˆ) grτˆ(r)
g′rr(r)
grr(r)
drdτˆ + (δrˆ)
(
g′tt(r)
gtt(r)
− g
′
tt(rc)
gtt(rc)
)(
grτˆ(r)drdτˆ − gtt(r)
gtt(rc)
dτˆ 2
)
+ (δrˆ)
(
g′xx(r)
gxx(r)
− g
′
xx(rc)
gxx(rc)
)
gxx(r)
gxx(rc)
δijdxˆ
idxˆj +O(ǫ3), (28)
4In what follows, we will use the normalization 2κ4 ≡ 1, which means 16piGN ≡ 1.
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where we have defined grτˆ (r) ≡
√
grr(r)
√
gtt(r)/gtt(rc). The bulk coordinates are x
M = (r, xˆµ),
the intrinsic coordinates xˆµ = (τˆ , xˆi) = (τˆ , xˆ, yˆ) and we denote ∂i ≡ ∂xˆi5. The pseudo scalar field
should also be expanded up to the second order
θˆ(r) ≡ θ(rˆ) = θ(r) + θ′(r)δrˆ. (29)
We have assumed that the perturbation parameters are intrinsic coordinates xˆµ dependent, where
δrˆ = rˆ − r = δrˆ(xˆµ) is a scalar perturbation at order ǫ2 and βi = βi(xˆµ) is the Lorentz boost
parameter at order ǫ1. Together with the non-relativistic low frequency, long wavelength limit, we
use the following scalings
∂r ∼ ǫ0, ∂i ∼ βi(xˆµ) ∼ ǫ1, ∂τˆ ∼ δrˆ(xˆµ) ∼ ǫ2. (30)
Then we can solve the EOMs order by order with the non-relativistic hydrodynamics expansion.
The Cotton tensor firstly presents at order ǫ2, namely C
(0)
MN ≡ 0 and C(1)MN ≡ 0. Thus we obtain
background equations
E(0)rr = 0, E
(0)
τˆ τˆ = 0, E
(0)
ii = 0, Wˆ
(0)
θ = 0, (31)
where three of them are independent, and
E(0)rr =
1
2
(
g′rr(r)
grr(r)
+
g′tt(r)
gtt(r)
+
g′xx(r)
gxx(r)
)
g′xx(r)
gxx(r)
− 1
2
θ′2(r)− g
′′
xx(r)
gxx(r)
, (32)
E
(0)
τˆ τˆ =
gtt(r)
gtt(rc)
(
Λ +
1
2
V (θ(r)) +
1
2grr(r)
g′tt(r)
gtt(r)
[
g′′tt(r)
g′tt(r)
+
g′xx(r)
gxx(r)
− 1
2
(
g′rr(r)
grr(r)
+
g′tt(r)
gtt(r)
)])
, (33)
E
(0)
ii = −
gxx(r)
gxx(rc)
(
Λ +
1
2
V (θ(r)) +
1
2grr(r)
g′xx(r)
gxx(r)
[
g′′xx(r)
g′xx(r)
− 1
2
(
g′rr(r)
grr(r)
− g
′
tt(r)
gtt(r)
)])
, (34)
Wˆ
(0)
θ =
θ′′(r)
grr(r)
+
(
g′xx(r)
gxx(r)
+
g′tt(r)
2gtt(r)
− g
′
rr(r)
2grr(r)
)
θ′(r)
grr(r)
− dV (θ(r))
dθ(r)
. (35)
We assume that background equations are always satisfied and they can be used to simplify the
perturbation equations at higher order. It turns out that the intrinsic coordinate dependent metric
and pseudo scalar can only solve the EOMs (25) and (26) up to order ǫ1. Employing the spatial
rotational SO(2) symmetry between xˆi directions, the nonzero traceless tensor sector and scalar
sector appear in WˆMN firstly at order ǫ
2. Correction terms to the metric and pseudo scalar are
required to cancel the corresponding structure. For the traceless shear tensor sector, the following
tensor correction terms are needed in the metric at order ǫ2
ds2(t,ǫ2) =
gxx(r)
√
gtt(rc)
gxx(rc)
(
2F (r) σij + 2FA(r) σ
A
ij
)
dxˆidxˆj, (36)
σij = ∂(iβj) − 1
2
δij∂kβ
k, σAij =
1
2
(
ǫikσ
k
j + ǫjkσ
k
i
)
, (37)
where F (r) and FA(r) are chosen to cancel the ordinary shear tensor σij and Hall tensor σ
A
ij of
source terms at order ǫ2, respectively.
5Here and henceforth, the subscript i denotes xˆ or yˆ.
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For the scalar sector, there are four perturbation equations. The Bianchi identity leads to a
constraint among them, thus, only three are independent. Although one can add three corrections
terms in the metric and one in the pseudo scalar, a gauge choice for these perturbations is needed.
We choose a gauge so that no corrections appear in the pseudo scalar, and introduce the following
three correction terms in the metric to cancel the residual curl scalar Ω appearing in the Cotton
tensor at order ǫ2
ds2(s,ǫ2) =
(
2grτˆ(r)Hrτˆ(r)drdτˆ − gtt(r)
gtt(rc)
Hτˆ τˆ (r)dτˆ
2 +
gxx(r)
gxx(rc)
Hxˆxˆ(r)dxˆidxˆ
i
)
Ω, (38)
Ω ≡ ǫij∂iβj = ∂xˆβyˆ − ∂yˆβxˆ. (39)
In summary, to solve the trace-reversed form of the gravity equations WˆMN = 0 and the pseudo
scalar equation Wˆθ = 0, we will work with the perturbed metric and pseudo scalar field with
corrections up to ǫ2 in the non-relativistic hydrodynamic limit,
ds2 = ds2(b) + ds
2
(t,ǫ2) + ds
2
(s,ǫ2), (40)
θˆ(r) = θ(r) + θ′(r)δrˆ, (41)
where the subscripts (b), (t), (s) in the metric represent “background”, “tensor”, and “scalar”, re-
spectively. θˆ(r) is substituted for θ in EOMs. In addition, let us mention here that correction terms
to the vector sector appear at order ǫ3, thus will not be considered in this paper.
3.2.1 Traceless Tensor Sector of the Perturbation Equations
By substituting the metric (40) and pseudo scalar field (41) into the EOMs WˆMN = 0, the traceless
tensor sector gives the following second order ordinary differential equation
0 =
d
dr
[
gxx(r)
(√
gtt(r)√
grr(r)
F ′(r) + 1
)]
σij
+
d
dr
[
gxx(r)
(√
gtt(r)√
grr(r)
F ′A(r) +
λ
2grr(r)
(
g′tt(r)
gtt(r)
− g
′
xx(r)
gxx(r)
)
θ′(r)
)]
σAij . (42)
As σij and σ
A
ij have different tensor structure, we can solve the two second order differential equa-
tions, respectively. Here we are interested in the physics between the black brane horizon Σh and
the cutoff surface Σc. At the cutoff surface Σc, we impose the Dirichlet boundary condition to keep
the induced metric γˆµν(rc) flat, i.e., F (rc) = 0 and FA(rc) = 0. At the horizon r = rh, we demand
F (rh) and FA(rh) to be finite. Then the function F (r) and FA(r) can be determined as
F (r) =
∫ rc
r
dy
√
grr(y)
gtt(y)
[
1− cF
gxx(y)
]
, (43)
FA(r) =
∫ rc
r
dy
√
grr(y)
gtt(y)
[
λ
2grr(y)
(
g′tt(y)
gtt(y)
− g
′
xx(y)
gxx(y)
)
θ′(y)− cFA
gxx(y)
]
, (44)
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where the two integration constants are
cF = gxx(rh), (45)
cFA =
λ
2
gxx(rh)
grr(rh)
(
g′tt(rh)
gtt(rh)
− g
′
xx(rh)
gxx(rh)
)
θ′(rh) =
λ
2
gxx(rh)
grr(rh)
g′tt(rh)
gtt(rh)
θ′(rh). (46)
Here we have used the assumption that at the horizon of the black brane solution (27), gtt(r) has
the first order zero gtt(rh) = 0, and grr(r) has the first order pole g
−1
rr (rh) = 0, while their product
gtt(rh)grr(rh) is finite.
3.2.2 Scalar Sector of the Perturbation Equations
After solving the traceless tensor perturbation equations, only scalar sectors are left at order ǫ2.
At first, it is worthy to emphasize that the constraint equations on the scalar sector of gravity
equations at order ǫ2 give
NˆMWˆMτˆ =
1
2
w0(r)∂iβ
i = 0, w0(r) =
1√
grr(r)
(
g′tt(r)
gtt(r)
− g
′
xx(r)
gxx(r)
)
, (47)
where Nˆ is the unit normal vector of the constant r surface. As w0(r) is not identically equal to
zero, the constraint equation (47) leads to the incompressibility condition Θ = ∂iβ
i = 0, which
shows the velocity field is divergence-free while the vorticity Ω = ǫij∂iβj is still allowed.
Then we need to solve scalar sector of the perturbation equations in (25)
Wˆ (2)rr = 0, Wˆ
(2)
τˆ τˆ = 0, Wˆ
(2)
xˆxˆ + Wˆ
(2)
yˆyˆ = 0, Wˆ
(2)
θ = 0. (48)
Among them, only three are independent. Using the solutions (40) and (41), we can obtain the
scalar sector of gravity equations defined in (24) at order ǫ2,
E(2)rr =
[
g′xx(r)
gxx(r)
H ′rτˆ (r) +
(
g′rr(r)
2grr(r)
+
g′tt(r)
2gtt(r)
− g
′
xx(r)
gxx(r)
)
H ′xˆxˆ(r)−H ′′xˆxˆ(r)
]
Ω,
E
(2)
τˆ τˆ =
[
g′tt(r)
gtt(rc)
H ′xˆxˆ(r)−H ′rτˆ (r)
2grr(r)
+
(
gtt(r)
gtt(rc)
(
g′xx(r)
gxx(r)
− 1
2
g′rr(r)
grr(r)
)
+
3
2
g′tt(r)
gtt(rc)
)
H ′τˆ τˆ (r)
2grr(r)
+
gtt(r)
gtt(rc)
H ′′ττ (r)
2grr(r)
+
(
gtt(r)
gtt(rc)
g′′xx(r)
gxx(r)
+
1
2
g′xx(r)
gxx(r)
(
g′tt(r)
gtt(rc)
− gtt(r)
gtt(rc)
g′rr(r)
grr(r)
))
Hτˆ τˆ (r)− 2Hrτˆ(r)
2grr(r)
]
Ω,
E
(2)
xˆxˆ + E
(2)
yˆyˆ =
[
g′xx(r)
gxx(rc)
H ′rτˆ (r)−H ′τˆ τˆ (r)
grr(r)
+
(
1
4
gxx(r)
gxx(rc)
(
g′rr(r)
grr(r)
− g
′
tt(r)
gtt(r)
)
− g
′
xx(r)
gxx(rc)
)
2H ′xˆxˆ(r)
grr(r)
− gxx(r)
gxx(rc)
H ′′xˆxˆ(r)
grr(r)
+
(
g′xx(r)
2gxx(rc)
(
g′rr(r)
grr(r)
− g
′
tt(r)
gtt(r)
)
− g
′′
xx(r)
gxx(rc)
)
Hτˆ τˆ (r)− 2Hrτˆ(r)
grr(r)
]
Ω, (49)
and we have imposed the incompressibility condition here and henceforth. The corresponding scalar
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sector of Cotton tensor defined in Eq. (17), appears firstly at order ǫ2, can be expressed as
C(2)rr =
−1
2
√
grr(r)
√
gtt(r)
gtt(rc)
gxx(rc)
gxx(r)
grr(r)
gxx(r)
d
dr
[
gxx(r)
grr(r)
(
g′tt(r)
gtt(r)
− g
′
xx(r)
gxx(r)
)
θ′(r)
]
Ω,
C
(2)
τˆ τˆ =
−1
2
√
grr(r)
gtt(r)
g
3/2
tt (rc)
gxx(rc)
g
3/2
xx (r)
d
dr
[√
gtt(r)
√
gxx(r)
grr(r)
(
g′tt(r)
gtt(r)
− g
′
xx(r)
gxx(r)
)
θ′(r)
]
Ω,
C
(2)
xˆxˆ + C
(2)
yˆyˆ =
−1
2
√
grr(r)
1√
gtt(rc)
1√
gtt(r)
d
dr
[
gtt(r)
grr(r)
(
g′tt(r)
gtt(r)
− g
′
xx(r)
gxx(r)
)
θ′(r)
]
Ω. (50)
In addition, we have the pseudo scalar equation defined in Eq. (26) at order ǫ2,
Wˆ
(2)
θ =
[
θ′(r)
grr(r)
(H ′τˆ τˆ (r)−H ′rτˆ (r) +H ′xˆxˆ(r)) +
dV (θ(r))
dθ(r)
(Hτˆ τˆ (r)− 2Hrτˆ (r))
−λ
4
2
g
3/2
rr (r)
gxx(rc)
gxx(r)
g′xx(r)
gxx(r)
√
gtt(r)
gtt(rc)
(
g′tt(r)
gtt(r)
− g
′
xx(r)
gxx(r)
)2]
Ω. (51)
Now we have three functions to be determined through four equations, for the latter, only three
of them are independent due to the Bianchi identity. With the Dirichlet boundary condition at
the cutoff surface, namely Hτˆ τˆ (rc) = 0, Hxˆxˆ(rc) = 0 and the boundary condition at the horizon, in
principle we can determine the three functionsHτˆ τˆ (r),Hrτˆ (r) andHxˆxˆ(r) in terms of the background
metric functions gtt(r), grr(r) and gxx(r). But due to the complexity of equations, here we do not
intend to present these expressions explicitly. Instead we just assume that the three functions
Hτˆ τˆ (r), Hrτˆ (r) and Hxˆxˆ(r) solve the three independent scalar perturbation equations in (48), as the
assumption that the black brane metric (27) solves the background equations of motion [30].
3.3 Incompressible Navier-Stokes at the Cutoff Surface
We now study the (2+1)-dimensional hydrodynamics in the non-relativistic limit dual to the back-
ground gravity solution. At the cutoff surface Σc, the Brown-York tensor [31]
Tµν = 2
(
Kˆγˆµν(rc)− Kˆµν + Cγˆµν(rc)
)
(52)
is identified with the stress energy of the dual fluid in Ref. [32], where Kˆµν is the extrinsic curvature
tensor, γˆµν(rc) = ηµν is the induced metric on the cutoff surface, and C is a constant. In the
non-relativistic limit, the non-zero components at order ǫ0 turn out to be
T (0)τˆ τˆ = e0(rc), e0(rc) = −
2√
grr(rc)
g′xx(rc)
gxx(rc)
− 2C, (53)
T (0)ij = p0(rc)δij, p0(rc) =
1√
grr(rc)
(
g′tt(rc)
gtt(rc)
+
g′xx(rc)
gxx(rc)
)
+ 2C. (54)
e0(rc) and p0(rc) could be regarded as the energy density and pressure of the dual fluid at rest on the
cutoff surface in the thermal equilibrium state. They are relate to each other through the equation
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of state of the fluid, which comes from the Hamiltonian constraint (see Eq. (106) in appendix A).
At the zeroth order it is given by
1
16
(e0(rc) + 2C) (e0(rc) + 4p0(rc)− 6C) = Λ + V (θ)
2
+
1
2
(
1
2
− 1
grr(rc)
)
θ′2(rc) (55)
The entropy density and temperature of the dual fluid is defined as the local physical quantities at
the cutoff surface Σc of the black brane [32, 33]
s0(rc) =
1
4GN
gxx(rh)
gxx(rc)
, T (rc) =
TH√
gtt(rc)
, TH ≡ lim
r→rh
g′tt(r)
4π
√
gtt(r)grr(r)
, (56)
where a factor in the entropy density s0(rc) has been chosen to meet with the Bekenstein-Hawking
entropy formula, while the local temperature at the cutoff surface T (rc) relates with the Hawking
temperature TH through the Tolman redshift relation.
At order ǫ1, only vector components appear in the dual stress energy tensor
T (1)τˆ i = T (1)iτˆ = −w0(rc)βi, w0(rc) = e0(rc) + p0(rc) =
1√
grr(rc)
(
g′tt(rc)
gtt(rc)
− g
′
xx(rc)
gxx(rc)
)
, (57)
where w0(rc) is the heat function per unit volume. While at order ǫ
2, the scalar and tensor modes
are
T (2)τˆ τˆ = w0(rc)
(E + β2)+ ζˆA(rc)Ω, (58)
T (2)ij = w0(rc) (P + βiβj)− 2η(rc)σij − 2ηA(rc)σAij − ζA(rc)Ωδij , (59)
The normalized energy density and pressure perturbations are defined as
E = de0(rc)
drc
δrˆ(xˆµ)
w0(rc)
, P = dp0(rc)
drc
δrˆ(xˆµ)
w0(rc)
, (60)
where δrˆ(xˆµ) could be regarded as the thermodynamic parameter due to the temperature pertur-
bation.
The transport coefficient appears at the first order gradient expansion. In the traceless tensor
modes, the normal shear viscosity reads
η(rc) ≡ 1 +
√
gtt(rc)
grr(rc)
F ′(rc) =
gxx(rh)
gxx(rc)
,
η(rc)
s0(rc)
= 4GN =
1
4π
, (61)
which shows that η/s0 is cutoff scale independent. While the Hall viscosity turns out to be
ηA(rc) ≡
√
gtt(rc)
grr(rc)
F ′A(rc) =
λ
2
gxx(rh)
gxx(rc)
θ′(rh)
grr(rh)
g′tt(rh)
gtt(rh)
− λ
2
w0(rc)θ
′(rc)√
grr(rc)
, (62)
ηA(rc)
s0(rc)
=
λ
8π
θ′(rh)
grr(rh)
g′tt(rh)
gtt(rh)
− λ
8π
gxx(rc)
gxx(rh)
θ′(rc)
grr(rc)
(
g′tt(rc)
gtt(rc)
− g
′
xx(rc)
gxx(rc)
)
. (63)
Thus, we see that ηA/s0 is cutoff scale dependent due to the second term. When the cutoff surface
approaches to the horizon, namely, rc → rh, one has ηA(rc)/s0(rc) → 0. Even without solving
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the scalar perturbation equations in (48), we can still give the formula of curl viscosity with the
formal functions in Eq.(38). In the dual fluid stress energy tensor (58) and (59), the scalar sector
coefficients at order ǫ2 are
ζˆA(rc) =
2√
grr(rc)
(
g′xx(rc)
gxx(rc)
Hrτˆ (rc)−H ′xˆxˆ(rc)
)
, (64)
ζA(rc) =
1√
grr(rc)
(
g′tt(rc)
gtt(rc)
Hrτˆ (rc)−H ′τˆ τˆ (rc)
)
+
ζˆA(rc)
2
. (65)
Here we have used the Dirichlet boundary condition Hτˆ τˆ (rc) = 0 and Hxx(rc) = 0. If the Landau
frame is chosen that ζˆA(rc) = 0, we can identify ζA(rc) as the curl viscosity of the dual fluid.
According to the Gauss-Codazi equation in pure geometry sector (see Eq. (107) in appendix.A)
and the gravity equations in Eq. (14), we have
∂µTµν ≡ −2NˆARABhBν = NˆA
(
2λCAB − T θAB
)
hBν , (66)
where hAB = gAB − NˆANˆB is the induced metric at the cutoff surface. With the gauge choice for
the scalar perturbations in Eqs. (40)-(41), one can show that up to order ǫ3 of the source terms on
the right-handed side, the Cotton tensor CAB contributes nothing, while the stress energy tensor
T θAB contributes an external force density as
Fi(rc) = −NˆAT θABhBi = −
θ′(rc)
2√
grr(rc)
∂i (δrˆ(xˆ
µ)) , (67)
which comes from the scaling transformation parameter δrˆ(xˆµ), and the normalized force density
is fi(rc) = Fi(rc)/w0(rc). Thus finally we get the incompressible Navier-Stokes equations with Hall
and curl viscosities in Eq. (10) from Einstein gravity with Chern-Simons term,
∂iβ
i = 0, ∂τˆβi + βj∂
jβi + ∂iP − ν(rc) ∂2βi − νA(rc)ǫij∂2βj − ξA(rc)ǫjk∂i∂jβk = fi(rc). (68)
where the kinematic viscosities are defined as
ν(rc) = η(rc)/w0(rc), νA(rc) = ηA(rc)/w0(rc), ξA(rc) = ζA(rc)/w0(rc), (69)
respectively. The Reynolds number of the dual fluid associated with the shear viscosity and Hall
viscosity can also be defined as
R ≡ uL
ν
∝ 1
ν(rc)
, RA ≡ uL
νA
∝ 1
νA(rc)
, (70)
where u is the characteristic velocity, L is the characteristic scale. If we further set δrˆ(xˆµ) ≡
0, then the normalized pressure perturbation P and force density fi(rc) vanish, the holographic
incompressible Navier-Stokes equations will reduce into the incompressible Burger’s equations [34]
with Hall viscosity and curl viscosity,
∂iβ
i = 0, ∂τˆβi + βj∂
jβi − ν(rc) ∂2βi − νA(rc)ǫij∂2βj − ξA(rc)ǫjk∂i∂jβk = 0. (71)
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4 Dual Fluid at the Infinite Boundary
To compare with results in Ref. [5], we take the limit with the cutoff surface rc → ∞. The ansatz
of the bulk metric is
ds2 = −r2f(r)dτ 2 + 2H(r)dτdr + r2dxidxi, i, j = 1, 2, (72)
θ = θ(r) is a pseudo scalar coupled to the gravitational Chern-Simons term, and Λ = −3/ℓ2 is
the negative cosmological constant. Under this ansatz, the Pontryagin density R˜R is identically
zero [12]. This metric is related to our generic metric in Eq. (87) through
gtt(r) = r
2f(r), gxx(r) = r
2, grr(r) =
H(r)2
r2f(r)
. (73)
The pseudo scalar equation Wˆ
(0)
θ = 0, with Eq. (35), becomes
θ′′(r) +
(
4
r
+
f ′(r)
f(r)
− H
′(r)
H(r)
)
θ′(r)− H(r)
2
r2f(r)
dV (θ(r))
dθ(r)
= 0. (74)
The shear viscosity and Hall viscosity at the cutoff surface Σc defined in Eqs. (61) and (62) turn
out to be
η(rc) =
rh
rc
, ηA(rc) =
λ
r2c
(
r4hf
′(rh)θ
′(rh)
2H(rh)2
− r
4
cf
′(rc)θ
′(rc)
2H(rc)2
)
. (75)
According to Eq. (56), the entropy density and temperature of the dual fluid at cutoff surface Σc
are
s0(rc) =
1
4GN
rh
rc
, T (rc) =
TH
rc
√
f(rc)
, TH =
r2hf
′(rh)
4πH(rh)
. (76)
Thus the shear and Hall viscosities over entropy density are given respectively by
η(rc)
s0(rc)
=
1
4π
,
ηA(rc)
s0(rc)
=
λ
4π
1
r2h
(
r4hf
′(rh)θ
′(rh)
2H(rh)2
− r
4
cf
′(rc)θ
′(rc)
2H(rc)2
)
. (77)
where we have used normalization 16πGN = 1. The shear viscosity over entropy density of the dual
fluid does not run with the cutoff surface; this is not the case for the Hall viscosity. In the infinity
boundary limit rc →∞, in order to compare with previous work, we make the assumption that
f(rc)→ 1−O(r3h/r3c ), H(rc)→ 1−O(r3h/r3c ), θ(rc)→ O(rah/rac ), (78)
when a > 0, we can drop the second term in ηA/s, thus recover the result in Ref. [5]
6. In that
case, the Hall viscosity over entropy density is entirely determined by the near horizon region of
the black brane geometry.
6There is a notation difference from Ref. [5]: λhere = −λthere.
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5 Discussions
In this paper, we have investigated the non-relativistic hydrodynamics with Hall viscosity and
curl viscosity living on a finite cutoff surface, dual to (3 + 1)-dimensional Einstein gravity with a
pseudo scalar coupled to a topological gravitational Chern-Simons term. The topological Pontryagin
density R˜R is totally depicted by the Weyl tensor, which describes the traceless part of the Riemann
tensor. The Ricci tensor is the Riemann tensor’s trace, and together with the Weyl tensor, provides
a complete description of the curvature of the space-time. In (3+1)-dimensional space-time, the
Weyl tensor and its dual can be written as
CABCD = RABCD − (gA[CRD]B − gA[DRC]B) + 1
3
gA[CgD]BR, (79)
C˜ABCD =
1
2
ǫCDEFCABEF , C˜C ≡ C˜ABCDCBACD, (80)
and it can be shown that the Pontryagin density R˜R = C˜C (for example see [14]). One can further
define the gravito-electric and gravito-magnetic field as
EAC + iBAC ≡ (CABCD + iC˜ABCD)uBuD = (CABCD + iC˜ABCD)PBD, (81)
where uB is a normalized time-like 4-velocity, and its projection PBD = gBD + uBuD. The last
identity is true due to the traceless properties of the Weyl tensor. Thus, the Lagrangian density in
Eq. (12) in the bulk can be expressed as
LCS ≡ λ
4
θR˜R =
λ
4
θ C˜C = −4λ θ EACBAC , (82)
which is analogous to that in U(1) gauge theory, L(κ)CS = κθF˜ µνFµν = −4κθ( ~E · ~B). With suitable
coefficient and a constant θ-vacuum, L(κ)CS can be used to describe the electromagnetic response of
(3+1)-dimensional topological insulators (TIs), while LCS can be used to describe the gravitational
response of (3+1)-dimensional topological superconductors (TSCs), a half quantized thermal Hall
effect may appear on the surface [35, 36]. Alternatively, if we consider the stress response of
(3+1)-dimensional TIs to an external torsion field, it was shown in Ref. [37] that the time-reversal
invariant TIs will exhibit a quantum Hall viscosity on their surfaces. Thus it would be interesting
to see whether the bulk gravity in this paper could describe a deformed TIs or TSCs, with the
surface quantum Hall effect as the dual description. In our general perturbative metric (28), the
Lagrangian of the anomaly term firstly appears at order ǫ2 as
LCS = λ
2
θ(r)
gxx(rc)
g
3/2
rr (r)
g′xx(r)
g2xx(r)
√
gtt(r)
gtt(rc)
(
g′tt(r)
gtt(r)
− g
′
xx(r)
gxx(r)
)2
Ω, (83)
which has been simplified through the background equations in (31). To get a non-vanishing Hall
viscosity ηA in Eq. (62), the pseudo scalar field θ(r) is required to be coordinate r-dependent.
Otherwise, when θ(r) vanishes, parity is not broken in the bulk and in the dual boundary theory,
and when θ(r) is a non-zero constant, the gravitational Chern-Simons term is just a surface term in
the action which violates the parity in the bulk but contributes nothing to the equations of motion
in the bulk, hence leads to a vanishing Hall viscosity. In Ref. [7], by including a gauge field in the
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bulk gravity such that the solution is free from the violation of the positive energy theorem [38],
the pseudo scalar hair would break parity spontaneously.
Inheriting the spirit of holographic Wilson’s renormalization group (RG) approach in Ref. [32],
the re-scaled cutoff size could be regarded as the RG running scale. The non-vanishing trace of
the symmetric stress energy tensor leads to the trace anomaly in quantum field theory, where the
corresponding β-function can be obtained from the coefficients in front of the trace. In our dual
gravity model, Setting λ = 0 to turn off the gravitational Chern-Simons term in the bulk, we can
go back to the d-dimensional fluid corresponding to (d+1)-dimensional bulk gravity with a scalar
field θ(r), the relation between the trace T µµ in Eq. (105) of dual Brown-York stress energy tensor
at zeroth order and β(e) is,
T µµ = −β(e)
d
rc
[
g
d/2
xx (rc)
]
′
+
2gxx(rc)
g′xx(rc)
θ′(rc)
2√
grr(rc)
, β(e) = rc
∂
∂rc
[
e(rc)g
d/2
xx (rc)
]
, (84)
where e(rc) is given in Eq. (103), rc is analogous to the cutoff energy scale. Considering there
exists a conformal factor difference in the definition of the dual stress tensor in Ref. [39] and
transforming to that frame, we can conclude that the trace of the fluid stress tensor is generated by
the energy density as well as an extra term contributed by the scalar field. This relation could also
be generalized at higher order of hydrodynamic expansion, and in order to consider the effects of
parity violating interactions, one can turn on the gravitational Chern-Simons term in the bulk. As
the ratio of the Hall viscosity over entropy density in Eq. (63) is found to be cutoff scale dependent,
we can also define the following β-function
β(ηA/s) = rc
∂
∂rc
[
ηA(rc)
s0(rc)
]
= −λ rc
8π
∂
∂rc
[
gxx(rc)
gxx(rh)
w0(rc)θ
′(rc)√
grr(rc)
]
, (85)
to represent its non-trivial evolution, where w0(rc) is the heat function per unit volume in Eq. (57).
When the cutoff surface approaches to the horizon of the background spacetime, ηA(rh)/s0(rh) = 0,
but β(ηA/s) could be non-zero.
Note that in our model, the ratio of Hall viscosity to entropy density depends on the cutoff scale,
while the ratio of shear viscosity to entropy density does not. This means that the shear viscosity
has a same dependence of the cutoff as the entropy density, but it is not for the Hall viscosity.
Thus it is of some interest to ask whether one can construct a quantity involving the Hall viscosity,
which is cutoff independent. While having considered the form (62), at the moment we have no
idea on the Hall viscosity. Here we just mention that a similar phenomena appears in charged
fluid with anomalous current [40]. It was recently shown that the anomaly vortical coefficient ξ
depends on the cutoff scale, while the ratio of ξ to a function of thermodynamic quantities is cutoff
independent [41]. A similar denominator for the curl viscosity is expected to be found, but the
approach does not applies to the Hall viscosity since it is non-dissipative. Certainly it is required to
further understand the dependence of the cutoff for the ratio of Hall viscosity over entropy density
in the parity broken fluid [8] or weak-isospin incompressible quantum liquid [42].
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A Non-relativistic Hydrodynamic from Gravity
This appendix briefly introduces the non-relativistic expansion procedure associated with a cutoff
surface [33]. For further details, see Refs. [26, 27, 32, 39, 43, 44, 45, 46, 47, 48].
A.1 Bulk Geometry and a Finite Cutoff Surface
In order to study the fluid in d-dimensional flat space-time, let us consider a (d + 1)-dimensional
background geometry with a generic metric
ds2d+1 = −gtt(r)dt2 + gxx(r)δijdxidxj + grr(r)dr2, i, j = 1, . . . d− 1, (86)
where the metric components depend only on radial coordinate r. In addition, we assume the
fully spatial rotational SO(d− 1) symmetry in xi directions, and require that the geometry of the
space-time manifold M has a well-defined future horizon located at r = rh, where gtt(r) has the
first-order zero gtt(rh) = 0, and grr(r) has the first-order pole g
−1
rr (rh) = 0 [43]. By using the
Eddington-Finkelstein coordinate τ defined through dτ = dt+
√
grr(r)/gtt(r) dr, we can rewrite the
bulk metric as
ds2d+1 = −gtt(r)dτ 2 + gxx(r)dxidxi + 2
√
gtt(r)grr(r)dτdr. (87)
Let us define an arbitrary hyper-surface at a constant radial coordinate r as Σr, and introduce
a specific finite cutoff hyper-surface Σc at r = rc outside the horizon (rc > rh), where the associated
intrinsic coordinates xˆµ ∼ (τˆ , xˆi) on Σc are
xˆ0 = τˆ = τ
√
gtt(rc), xˆ
i = xi
√
gxx(rc), i = 1, 2, . . . , d− 1. (88)
The bulk metric in Eq. (87) in the intrinsic coordinates becomes
ds2d+1 = −
gtt(r)
gtt(rc)
dτˆ 2 +
gxx(r)
gxx(rc)
dxˆidxˆ
i + 2
√
gtt(r)
gtt(rc)
√
grr(r)dτˆdr. (89)
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We adopt the Arnowitt-Deser-Misner(ADM) decomposition along r direction [49]
ds2d+1 = α
2(r)dr2 + γµν(r)(dxˆ
µ − βµ(r)dr)(dxˆν − βν(r)dr), (90)
with the “lapse function” α(r) =
√
grr(r) and the “shift vector” β
µ(r) =
√
gtt(rc)/gtt(r)
√
grr(r) δ
µ
τ
respectively. The generic induced metric γµν(r) is an analytically extension from Σc to Σr, where
γµν(r)dxˆ
µdxˆν ≡ − gtt(r)
gtt(rc)
dτˆ 2 +
gxx(r)
gxx(rc)
dxˆidxˆ
i. (91)
It is worthy to notice that γµν(rc) = ηµν ≡ (−1, δij), which implies that the induced metric γµν(r)
on Σr reduces to a flat metric on Σc.
A.2 Diffeomorphisms Associated with the Cutoff Surface
With a flat induced metric given at the cutoff surface Σc, we can take into consider two finite
diffeomorphisms, which preserve the induced metric invariant on the cutoff surface. The first one
is a linear scale transformation along the radial coordinate r and the rescaling of the intrinsic
coordinates xˆµ = (τˆ , xˆi),
r → rˆ ≡ k(r), τˆ → τˆ
√
gtt(rc)
gtt(rˆc)
, xˆi → xˆi
√
gxx(rc)
gxx(rˆc)
, (92)
where k(r) is a linear function of r, and a concrete form of k(r) will be chosen according to the
specific global geometry of the bulk metric in Eq. (89). In addition, the notation rˆc ≡ k(rc) is
introduced. Under this diffeomorphism, the bulk metric in Eq. (89) is rescaled as
ds2d+1 = −
gtt(rˆ)
gtt(rˆc)
dτˆ 2 +
gxx(rˆ)
gxx(rˆc)
dxˆidxˆ
i + 2
√
gtt(rˆ)
gtt(rˆc)
√
grr(rˆ)dτˆdrˆ. (93)
The second diffeomorphism is a generic Lorentz transformation
τˆ → γ(τˆ − βixˆi), xˆi → xˆi − γβiτˆ + (γ − 1)β
iβj
β2
xˆj , (94)
with the boost parameter βj = δijβ
i and Lorentz factor γ = 1/
√
1− β2. We can define the
d-dimensional velocity and d-dimensional polarization vector as
uµ = γ(−1, βi), njµ = (−γβj , δji + (γ − 1)
βjβi
β2
), (95)
with uµuµ = −1, nµj njµ = d − 1 and uµniµ = 0. Then the Lorentz transformation on the cutoff
hypersurface becomes τˆ → −uµxˆµ, and xˆi → niµxˆµ. The re-scaled bulk metric in Eq. (93) becomes
ds2d+1 = −
gtt(rˆ)
gtt(rˆc)
uµuνdxˆ
µdxˆν +
gxx(rˆ)
gxx(rˆc)
Pµνdxˆ
µdxˆν − 2
√
gtt(rˆ)
gtt(rˆc)
√
grr(rˆ)uµdxˆ
µdrˆ, (96)
16
where the projection tensor
Pµν ≡ ηµν + uµuν = δijniµnjν =
(
γ2β2 −γ2βj
−γ2βi δij + γ2βiβj
)
, (97)
satisfying P µµ = d− 1. Under the two diffeomorphism transformations, the metric in the ADM-like
decomposition with the “lapse” function αˆ(r) and the “shift” vector βˆ(r) becomes
ds2d+1 = αˆ
2(r)drˆ2 + γˆµν(r)
(
dxˆµ − βˆµ(r)drˆ
)(
dxˆν − βˆν(r)drˆ
)
, (98)
αˆ(r) =
√
grr(rˆ), βˆ
µ(r) =
√
gtt(rˆc)
gtt(rˆ)
√
grr(rˆ) u
µ, (99)
and the induced metric in Eq. (91) is transformed into γˆµν(r) as
γˆµν(r) ≡ − gtt(rˆ)
gtt(rˆc)
uµuν +
gxx(rˆ)
gxx(rˆc)
Pµν . (100)
At the cutoff r = rc surface, which is equivalent to rˆ = rˆc, the induced metric γˆµν(rc) keeps flat.
A.3 Dual Hydrodynamic in Non-Relativistic Limit
We perturb the diffeomorphism metric (96) in the non-relativistic limit. As r is the radial coordinate
along the extra dimension orthogonal to the cutoff hyper-surface, we can define a scaling transfor-
mation parameter δrˆ ≡ rˆ− r. Assuming the scalar parameter δrˆ and the velocity parameters βi in
the Lorentz boost are all functions of the intrinsic coordinates xˆµ = (τˆ , xˆi), in the non-relativistic
hydrodynamic limit we have the following scalings ( here the subscript i present xˆi)
∂r ∼ ǫ0, ∂i ∼ βi(xˆµ) ∼ ǫ1, ∂τˆ ∼ δrˆ(xˆµ) ∼ ǫ2, (101)
where ǫ ≪ 1 is a small parameter. Therefore, the metric function can be expanded, i.e., gtt(rˆ) =
gtt(r) + g
′
tt(r)δrˆ(r) + . . ., then the diffeomorphism metric can be expanded order by order in the
expansion parameter, up to order ǫ2, which gives the result in Eq. (28). In Einstein gravity, we
assume that the generic metric in (86) solves Einstein’s equations. Then the diffeomorphism metric
is also the solution. After demanding the transformation parameters βi and δrˆ be coordinates xˆ
µ
dependent, the metric in (96) is no longer the solution of Einstein’s equations. We can solve the
Einstein’s equations order by order in the non-relativistic hydrodynamic expansion, via adding new
correction terms to the metric. Similar procedure is also applicable in the case when matter fields
are present.
The intrinsic curvature of the bulk geometry is measured by Riemann tensor, while the extrinsic
curvature depends on how the hyper-surface is embedded into the bulk geometry. Thus, when we
perturb the background metric, we can choose the gauge to keep the induced metric γˆµν(rc) flat.
The extrinsic curvature at the cutoff surface is Kˆµν =
1
2
LNˆ γˆ(c)µν (r)|r=rc, where LNˆ is the Lie derivative
along the outpointing normal vector Nˆ of the cutoff surface, γˆ
(c)
µν (r) is an analytic extension of the
induced metric γˆµν(rc) on Σc. And they are all associated with the perturbed metric with correction
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terms. In (d + 1)-dimensional Einstein gravity, if we use the unit 16πG
(d+1)
N = 1, the Brown-York
tensor on the cutoff surface Σc is given by [31]
T BYµν = 2(Kˆγˆµν(rc)− Kˆµν + Cγˆµν(rc)). (102)
It can be identified with the stress tensor of the dual fluid Ref. [32]. In the non-relativistic hydro-
dynamic expansion, we can also fix the physical stress energy tensor order by order. The zeroth
order stress tensor can be written as T BYµν = e(rc)uµuν + p(rc)Pµν , where
e(rc) = − d− 1√
grr(rc)
g′xx(rc)
gxx(rc)
− 2C, (103)
p(rc) =
1√
grr(rc)
(
g′tt(rc)
gtt(rc)
+ (d− 2)g
′
xx(rc)
gxx(rc)
)
+ 2C, (104)
are the energy density and pressure of the dual fluid, respectively. And the trace of the dual stress
energy tensor at the zeroth order is
T µµ = −e(rc) + (d− 1)p(rc). (105)
In addition, the dual fluid is described by the constraint equations [47, 50]
(Kˆ2 − KˆABKˆAB) ≡ 2GMNNˆMNˆN |Σc , (106)
2DA(KˆhAB − KˆAB) ≡ −2GMN NˆMhNB|Σc. (107)
where GMN is the Einstein tensor, hAB = gAB − NˆANˆB and D denotes the derivative operator
associated with the induced metric hAB. The first one is the Hamiltonian constraint which gives the
equation of state of fluid relating the pressure and energy density. The second one is the momentum
constraint which gives the evolution equations of the fluid, and it reduces to the incompressible
Navier-Stokes equations in the non-relativistic limit. Correction terms will appear if matters or
higher order curvature terms are added to Einstein gravity. For example, the matters will provide
external sources to the equations of motion, and the Gauss-Bonnet term will lead to an additional
term for the shear viscosity [33].
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